ANSWERS TO THE EXERCISES IN SECTION 3

(E3.23) If G is a regular permutation group on €2 then Cgym(q)(G) is regular.

Answer. This result will follow from (E3.24) below.

(E3.24) If G is a regular permutation group on €2, then G' is permutation isomorphic to Cgymq)(G).

Answer. By Lemma 3.6 we are required to show that G' and Csym(a)(G) are conjugate
subgroups of Sym(€2).

GG acting regularly on 2 equates to the action being transitive with trivial stabilizers. We
know that the action is, therefore, isomorphic to the action of G on H\G where H = {1}.
Since a coset of H is a singleton, the action of G on H\G is isomorphic to the action of G
on itself by right multiplication. In other words we regard the action of G on 2 as being
defined by

p:GxQ—Q (g,h)— hg,
where 2 = G.! The associated homomorphism p* : G — Sym(€2) yields the original embed-
ding of G in Sym(€2), in other words the group R = p*(G) is G itself.

Let us consider a related action,

MG xQ—Q (g,h)— g th

where, again, = G.2 Let \* : G — Sym(Q) be the associated homomorphism and write
L = X\*(G). Since A is clearly faithful, A* is injective, and the first isomorphism theorem
implies that L = G. It is also quite clear that L acts regularly on (2.

Let us show that L centralizes R = G. Take g,h,x € G and write A\, = \*(g) € L,
pn = p*(h) € R. Then

9P — (gflx)ph _ gilxh — g*1<$Ph) — pPhrg

Thus L < Cgym(e)(G). On the other hand, Lemma 3.7(ii) implies that Csym)(G) is semi-
regular and so, since L is regular, we conclude that L = Csym(a)(G).

Define a bijection 6 : G — G,z — x7!; of course § = =1 € Sym(Q). Then, for any
x,9 € G,

139_1/\99 _ (.73_1))\90 — (g_lx_l)e =29 = xpg’

and we conclude that p, = 67'\,0, and hence R = 7' L# as required.

3This action is called the right reqular action of G.
3This action is called the left reqular action of G.
30bserve that we have proved (E3.23).



